Abstract. We will derive linear differential relations satisfied by Wirtinger integrals by exploiting classical formulas of Jacobi's theta functions, forgetting that Wirtinger integrals are related to Gauss hypergeometric functions, although these linear differential relations are related to ones satisfied by Gauss hypergeometric functions.
Introduction.
In our recent paper [3] we computed twisted homology and cohomology groups with coefficients in local systems associated to a power product of Jacobi's four theta functions (see also Theorems 1.1 and 1.2 below). This result naturally leads us to consider the paring of non-vanishing homology and cohomology groups which is expressed as a definite integral by the twisted de Rham theory. Such an integral is identical with the one considered by Wirtinger [4] ; we propose to call such an integral, including the original one obtained by him, Wirtinger integral. As is seen in [4] (see also [2] ), Wirtinger integrals are the lifts of Gauss hypergeometric functions to the upper half plane. So one can expect that Wirtinger integrals satisfy linear differential relations which come from ones satisfied by Gauss hypergeometric differential equation. In this paper we will derive such linear differential relations for Wirtinger integrals by exploiting classical formulas of Jacobi's theta functions, forgetting that Wirtinger integrals are related to Gauss hypergeometric functions. Thus our method of derivation of the linear differential relations for Wirtinger integrals developped in this paper, with our previous ones [2] and [3] , is regarded to form a part of the reconstruction of the theory of Gauss hypergeometric functions from the viewpoint of the theory of Jacobi's theta functions. 
2 Z denotes the group of integers and half integers. We set 
The following theorem is fundamental:
Let Z k (M,Ľ) be the group of twisted k-cycles with coefficients inĽ, and let B k (M,Ľ) be the group of twisted k-boundaries with coefficients inĽ. We set
: the k-th twisted homology group with coefficients iň L. Concerning the twisted homology groups, we have obtained in our paper [3] the following: 4 denote the homology classes of the twisted cycles σ 1 , σ 2 , σ 3 , σ 4 , respectively, which are given by 
where θ i denotes the theta constant θ i (0).
Since H 1 (M,Ľ) and H 1 (M, L) are dual to each other, we have a natural nondegenerate bilinear form 2, 3, 4) . It is easy to see that, for a fixed j, the four integrals I 1j , I 2j , I 3j , I 4j are linearly independent over C, and that, for a fixed i, I i1 , I i2 , I i3 , I i4 are linearly independent over C. As was shown by Wirtinger [4] (see also [2] ), these functions I ij 's are related to the Gauss hypergeometric function, which we denote by F (α, β, γ, z): in fact we have, for example,
where λ denotes the lambda function: λ = θ 
where a ij 's and b ij ' are given by
The system (1.1) is splitted into the following two systems of differential equations:
which are equivalent to the Gauss hypergeometric differential equation. We prove Theorem 1.3 in the next section by making use of classical formulas of theta functions, forgetting that the integrals I ij 's are related to the Gauss hypergeometric function.
Remark. Note that the differential operator i πθ 4 3 d dτ is invariant under the action of the group Γ (2). In fact we have
Proof of Theorem 1.3 : Derivation of differential relations.
To derive the 16 relations in (1.1), it suffices to prove the following Proposition 2.1. The following formulas hold:
where B 1 (M, L) denotes the group of twisted 1-coboundaries with coefficients in L.
In fact, the 16 relations in (1.1) follows immediately if we integrate each of the four relations in the proposition along suitable cycles.
Proof of Proposition 2.1. We prove the formula (2.3) only, since the other formulas are proved similarly. We have 
where
. Now we note the following formulas: θ 
